Hamiltonian homogeneity on a complex contact manifold 



Osami Yasukura 

Abstract. The notion of c-manifolds is introduced as a generalization of 
complex contact manifolds as well as the degree of symplectifications. And 
the condition of infinitesimal Hamiltonian homogeneity on a c-manifold is 
established by means of a moment map defined on the symplectification. 



0. Introduction. 

This paper is concerned with a complex contact manifold (Z, Jz',j), i.e. a 
complex manifold (Z, Jz) with a complex contact structure 7 in the sense of 
S. Kobayashi [llj . W.M. Boothby [HE] obtained that any connected simply 
connected compact homogeneous complex contact manifold is biholomor- 
phic to the adjoint variety Zg of a finitely dimensional complex simple Lie 
algebra Q of rank ^ 2 with the canonical complex contact structure (cf. 
|22j). where the complex contact structure is uniquely determined up to bi- 
holomorphisms by T. Nitta & M. Takeuchi |16[ Example 1.1, Theorem 1.7] 
(cf. [15, 2.2.Proposition]), called a kdhlerian C-space of Boothby type. 
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In §1, the notion of a c-manifold is defined as a complex contact manifold 
(of complex dimension ^ 3) or a complex 1-dimensional manifold. And a 
concept of a principal contact bundle with a degree 5 is introduced on a 
complex manifold as well as a notion of a symplectification of degree 5 on a 
c-manifold, which unifies several notions of symplectifications on a (complex) 
contact manifold [U HI HE] such that every c-manifold (Z, Jz\l) admits a 
principal contact bundle of degree 1, (P 7 , J 7 ; R\(\ £ C x ),p 7 ; # 7 ), called the 
standard symplectification (Lemma 1.2), on which any symplectification of 
degree S covers as a | (5 1 -covering space (Corollary 1.7). 
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In §2, for a c-manifold (Z, Jz\l) with a symplectification (P, J; 0) of 
degree (5, it appears that the complex Lie algebra a(Z, Jz',j) of all con- 
tactly holomorphic vector fields is C-linear isomorphic to the following 
three C-linear spaces (Theorem 2.3): O s (P,J) of all homo geneous holo- 
morphic functions of degree 5 on (P,J), a s (P,J) of the Hamiltonian vec- 
tor fields of all functions in O s (P,J), and T(L 7 ) of all holomorphic sec- 
tions of the contact line bundle L 7 on (Z, Jz\l)- In general, for a holo- 
morphic line bundle L on a complex manifold Z and the dual line bun- 
dle L* with the canonical projection pl* : L* — ► Z, put Pl ■= L*\0 
with the restricted scalar multiple action Rl*,x of A G C x := C\0 on 
Pl\c C (£ G Z) with the canonical projection p^* : Pl — ► Z, so 

that (Pl]Rl*,x(^ ^ C x ),pl*) is a holomorphic principal C x -bundle. Let 
O(Pl) be the C-linear space of all holomorphic functions on Pl. And T(L) 
the C-linear space of all holomorphic sections of L. For an integer £, put 
0\P L ) := {/ G 0(P L )| / o Rl*,\ = X e - f (A G C x )}. Let < 77, £ >l denote 
the C-value of 77 G L*|^ on £ G L\^ at £ G Z. For any </? G T(L), put t£,(y?) : 
P L — > C;r] ^ ll(<p)(v) ■=< V,<P(p(v)) >L- For any / G 1 (P L ), there 
exists S L (/) G r(L) such that /(??) =< 77, S L (/)| Pi , (r)) > L for all 77 G PL- 
Then t£, : r(L) — ► 1 (Pl)',^p > is a C-linear isomorphism with the 
inverse S L : O 1 ^) — ► T(L); / ^ S L (/). Put ^ m : P L — ► P L « m ; r/ ^ r/® m 
for a positive integer m, which satisfies that v m o P^*,A = P(L« m )*,A m 
for all A G C x . Then tf : T(L® m ) — ► O m (P L )^ ^ if(<p) := i L9 J((p) o v m 
is a C-linear mapping such that Lf(ip)(i]) =< if m , vlp (iglm) » fa) >l»™ for 
all 77 G Pl- 

LEMMA 0.1. For every positive integerm, 1™ is a C-linear isomorphism. 

Proof: For any / G m (P L ), there exists ££(/) G r(L 0m ) such that 
f(v) =< V® m ,Z?(f)\ P(L ^ my4v) > L ^ for all 77 G P L . Then (if)- 1 = £™ : 
m (P L ) — ► r(L® m ); / 1 — ^ ££*(/)■ □ 

For a finite subset {y>o, ■ ■ ■ , <Pn} of r(L), i/ie associated map is defined 
as $ : Pl — ► C N+1 ;rj i-> $(77) := (t L (vo)(??), • • • ,i>l(<Pn)(v))- Then $0 
Rl* \ = R\°Q for all A G C x , where Pa denotes the scalar multiple by A on 
C N+i- By definition, L is said to be very ample (resp. immersional) iff there 
exists a finite subset {ipo, • • • , <p^} of T(L) such that the projectivization 
[$>] : Z — ► P/vC of the associated map $ is well-defined as a holomorphic 
embedding (resp. immersion), i.e. the associated map <E> is an embedding 
(resp. an immersion). For a positive integer m, L is said to be ample of 
order m (resp. immersionally ample of order m) iff L® m is very ample (resp. 
immersional). By abbreviation, L is said to be ample (or immersionally 
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ample) iff L is ample (resp. immersionally ample) of order m for some 
positive integer m. By constructing a moment map of degree 1, the following 
result is proved in an elementary way (cf. [3J, \23\ Theorem 2], [2]): 

Proposition 0.2. For a connected compact c-manifold, if the contact 
line bundle is immersional, then it is isomorphic to the adjoint variety 
of a finitely dimensional complex simple Lie algebra with the canonical c- 
structure, so that the contact line bundle is very ample. 

1. Principal contact bundles on a c-manifold 

Let (Z,Jz) be a complex manifold with the real tangent bundle TZ. 
And X{Z) the Lie algebra of all smooth real vector fields on Z . Let Diff (Z) 
be the group of all smooth diffeomorphisms on Z. And put 

Aut(Z, J z ) := {a G Diff (Z)\ a* o J z = J z o a*}. 

For A G X(Z), let Lx be the Lie derivative operator acting on a smooth 
tensor on Z. Put a(Z, Jz) '■= {A G <-t(A)| LxJz = 0}, which is a complex 
Lie algebra with respect to the complex structure Jz ■ X i— > JzX. For 
the complex number field C = R® -f-LR, put T C Z := C ® R TZ = 
1 (8) TZ + ^/^T (8) TZ = TZ + ^f^lTZ as the complexification of TZ. For 
X = Ai+y^As G T C Z, put A := Ai-V=TX 2 , Re(A) := Ai = (A+A)/2 
and Im(A) := A 2 = (A - A)/2. Let T'Z (resp. T" Z) be the (1, 0) (resp. 
(0, l))-tangent bundle of (Z, Jz) as the \/— T (resp. — \J— 1) eigen subspace 
of T C Z with J z . For A G T C Z, put 

A' := -(A — v^JzA) G T'Z and A" := -(A + \/^Tj z A) G T"Z. 

Then A = A' + A", 2Re(A') = A (A G TZ), 2Re(Y)' = 7 (7 £ T'Z). 
The holomorphic structure of TZ is induced from T'Z by a complex vector 
bundle isomorphism: (TZ,J Z ) — ► (T'Z, V /3 T);A ^ X'. Put X C (Z) := 
C^j^X(Z), which contains a complex Lie subalgebra a(Z, Jz)' '■= {X'\ X G 
a(Z, Jz)} isomorphic to a(Z, J^). Let A r (T*'Z) be the r-alternating tensor 
product of the dual complex vector bundle T* Z of T'Z. Put A r '°(Z) := 
r(A r (T*'Z)) as the set of all holomorphic sections of A r (T*'Z), that is, 
the set of all holomorphic (r, 0)-forms on (Z,Jz). Let 0(Z,Jz) be the 
C-algebra of all holomorphic functions on (Z,Jz). For any holomorphic 
mapping p : (P, J) — > (Z,Jz), the C-linear extension of the differential 
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: TP — * TZ is denoted by the same letter : TP — * T C Z. And the 
restriction to TP and TZ is denoted as p*> : T'P — > TZ. 

Assume that (Z, Jz) is a complex manifold of dim^Z = 2n + 1 ^ 1, an 
odd number. Let 7 be a set of local holomorphic (1, 0)-forms 7 j : T'Vi — ► C 
defined on open subsets Vi of Z with Z = UjV^, such that 

(C. 1) ( 7i A (d7i) An )| ? 7^ at all C € (when 2n + 1 ^ 3); 

7i | c / G T*Vi at all (eVi (when 2n + 1 = 1); and 
(C. 2) 7^ = fijjj on ^ n V,- for some /y G C(V5 n V,-, J z ). 

In this case, 7 is called a c-structure on (Z,Jz), and (Z, Jz; 7 ) is called o 
c-manifold with f/ie c- distribution E~ := {X G T'Z| 7 (X) = for some i}. 
When dim^rZ ^ 3, 7 is called a complex contact structure, and (Z, J z ; 7 ) 
is a complex contact manifold in the sense of S. Kobayashi I12j . Two 
c-structures 7, uj on (Z, Jz) are said to be equivalent iff E y = E w . When 
dim^rZ = 1, Ej = for any c-structure 7 on (Z, J z ). Let C(Z,Jz) be 
the set of the equivalence classes [7] of all c-structures 7 on (Z,J Z ). A 
mapping a : Z — ► W between two c-manifolds (Z, Jz\l) an d (W, Jyp ; oj) 
is said to be an isomorphism iff a is a biholomorphism such that a*-EL = 
i^. And (Z, Jz\l) and (W, Jp^;u;) are called isomorphic iff there exists an 
isomorphism a : Z — ► PF. When the dimension of W and Z is non less 
than three, the terminology of "an isomorphism" (resp. "isomorphic" ) is also 
termed as "a contact biholomorphism" (resp. "contactly biholomorphic" ) . 
Let (Z, Jz'ij) be a c-manifold. Put 

Aut(Z, Jz'il) '■= {ct G Aut(Z, Jz)\ OL*E^ = E^}; and 

a(Z, J z ;i) := {X G a(Z, J z )\ L xli = / • 7i for some / G 0(V f , Jz)}, 

where denotes the Lie derivative by X. And f/ie contact line bundle 
is defined as the quotient line bundle L 7 := TZ/E^ with the canonical 
projection w 7 : T'Z — > J 7 . For 7 j G 7 and £ G V^, let 7 (C) G be 
defined such that ji(X) =< 7 i(C), ro 7 (X) >^ 7 for all X G T^Z. Then 
7 j : ^ — * ^ 7 ; C l— ^ 7i(C) i s a holomorphic local section of L* By the 
condition (C. 1), 7 is non- vanishing. Hence, a holomorphic local section Sj 
of L 7 defined on is determined by the equation: < 7 (C), Si(C) >L 7 = 1 
for C G Vi. Put the canonical line bundle of (Z, J z ) as AT Z := A 2n+1 (T*'Z). 

Proposition 1.1. (i) (S. Kobayashi [121 P-29]) ro 7 | T ^ = 7i si; 
(ii) (S. Kobayashi pH Theorem (2)]) (L;)®( n+1 ) 

Proo/. (i) For X G T C Z, take n{X) G C such that w y (X) = iy i (X)(s i \ c ). 
Then 7i (X) =< 7 (C), C7 7 (X) >l 7 = n{X) < 7 (C), 8.(0 >L 7 = n{X). 
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(ii) Note that ( 7i )®( n+1 ) is a non-vanishing holomorphic local section 
of (L*)®( n+1 ). By (C. 1), 7j A (d^i)^ n is a non-vanishing holomorphic local 
section of K z . Because of (7i)® (n+1) = {fij) {n+1) {lj)® {n+1) ano^A^)" = 
(fij) (n+1 hj A (djj) n , the following map is well-defined: 

(L *)®(n+l) _^ Kz . C (^)®(n+1) ^ c(7i A (^)n) (c g Jfy 

which gives an isomorphism between holomorphic line bundles. □ 

Put (P 7 , J 7 ;P A (A G C x ),p 7 ) := (Pl 7 ;Pl;,a(A G C x ),p L; ) as a holo- 
morphic principal C x -bundle on (Z,Jz) (see, for general notations, §0. In- 
troduction). Let 7r : T'P 7 — ► P 7 be the canonical projection. Put 

9 y (X) :=< ir(X), ro 7 (p 7 *X) > Li 

for X G T'P 7 , which defines a holomorphic (1, 0)-form # 7 on (P 7 , J 7 ). With 
respect to local trivializations, tpi : Vi x C x — ► p~ (£, A) i— > PaTiIo it 
is represented as follows: 

( p - 7) e iUi{c,\) = X -Pj(nk)- 

Lemma 1.2. Lei (Z,Jz;~f) be a c-manifold with 7 := {( 7 i,V£)}. Anc? 
(P,J;R\(\ G C x ),p) a holomorphic principal C x -bundle on (Z,Jz) with 
holomorphic local sections {(o~i, V£)}. Lei 9 be a holomorphic (1, 0)-form 9 
on (P, J) which admits an integer S such that 

(P-7)<5 <9k(C,A) = ^-p*7ik 

wii/i respect to the local trivialization ipi : Vi x C x — ► P; (£, A) 1— ► R\ai(Q. 
Then: 

(i) d# = 5A 5 - 1 • dA Ap*7» + A 5 • p*{d^i) on p _1 (^). 

(ii) (P, J; Pa (A G C x ),p; 9) satisfies the following four conditions: 
(P. 0) ker' 9:={Ie; T'P| 0(X) = 0} = p", 1 ^; 

(p. 1) Weip^o); 

(P. 2) a P A # = X s 9 for all A G C x . 

(iii) 5 if and only if 

(P. 3) (P, J; d0) zs a holomorphic symplectic manifold. 

Proof, (i) It follows by direct calculations from the assumption (P. 7)5. 

(ii) The condition (P. 2) s follows from (P. 7)5, And that X G ker' 9 iff 
7i(p*X) = for X G TVt, so that ker' 9 = p^ker' 7i ) = p;/P 7 on 
which is (P. 0). And (P. 1) follows from (P. 0). 
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(iii) If 5 = 0, then d9 = p*(dr/i) on p 1 (Vi), which is degenerate because 
of p*(^i*(0 c TC X )) = {0 ? }. Assume that 5/0. Put dim^Z = 2n + 1. 
Then (d#) A ( n+1 ) = (n + lJtfA^ 1 )*- 1 -d\Ap*(rfi A(<i 7j ) An ) on p-^Vi), which 
is not zero by virtue of the condition (C. 1). Hence, d6 is non-degenerate, 
that is the condition (P. 3). □ 

By definition, a principal contact bundle of degree 5 on (Z, Jz) is a holo- 
morphic principal C x -bundle (P,J;R\ (A G C x ),p) on a complex mani- 
fold (Z, Jz) with a holomorphic (l,0)-form 9 on P satisfying the conditions 
(P. 1), (P. 2) s and (P. 3) defined in Lemma 1.2 (cf. [2 §2], [El Theorem 
1.3]). For a c-manifold (Z, Jz; 7 ), a principal contact bundle of degree 8 on 
(Z, Jz) satisfying the condition (P. 0) is called a symplectification of degree 
5 on (Z, J z \l)- 

Lemma 1.3. Let (P, J; R\(X G C x ),p);9) be a principal contact bundle 
of degree 5 on a complex manifold (Z,Jz)- Take a set {o~i : V% — ► P} of 
holomorphic local sections of the canonical projection p : P — * Z such that 
Z = UiVi. Put 70 := {ji G .A 1 ' ^)} with 7< := a* 9 : T'Vt — ► C. Then: 

(i) {ipi : Vi x C x — * p -1 (Vi); (C, A) h-> R\(Ti(C,)} defines a system of 
locally trivializing holomorphic coordinates on (P, J; R\(X G C x ),p). 

(ii) At each ipi(C, A) G p' 1 ^, 0|^(c,A) = X s ■ p*(ji\c), so that 5/0. 

(iii) There exists a non-negative integer n such that dim^P = 2n+2 and 
o\\m. c Z = 2n + 1. Put E := p*(ker' 9). Then E\y. = ker' 7i , ker' 9 = p^E. 

(iv) (Z,Jz;je) is a c-manifold with P 7e := p*(ker' 9), so that [70] does 
not depend on the choice of a set {crj} of holomorphic local sections of the 
canonical projection p : P — ► Z. And (P, J; R\(\ G C x ),p;9) is a sym- 
plectification of degree 5 on (Z, JzMB)- 

Proof, (i) The holomorphy of the coordinates follows from the holomor- 
phy of the principal action R\(\ G C x ) on P. 

(ii) Note that (<j f op)^(C,A) = <7;(C) = P 1/A ^(C,A). By (P. 2), p* 7l = 
9o(a l0 p), = 9o R 1/M = 9/X 5 on ^ (CjA) (T c ^ A ). By (P. 1), one has 
that 9 = AVt»- By (P- 3) and Lemma 1.2 (iii), r / 0. 

(iii) By (P. 3), dim^P is an even number, say, 2n + 2 ^ 2. Then 
dim^Z = dim^P- 1 = 2n + l ^ 1. By (ii), 9 = X s -p*^i onp -1 ^). Then 
E\ Vi = ker' 7 j and ker'0| p -i(y.) = ^"/(ker^j) =p~ 1 (P| y .), as required. 

(iv) Putting Aj : p~ l {Vi) — ► C x ;rj = R\ai(p(r])) A, one has that 
V = R\i(ri)(7i(p(v)) = R \j(r)) a i(p(w)) for 77 G p _1 (^ n Vj). And put ^ := 
Xj/Xi : p~ l (Vi H Vj-) — > C x . Then there exists a holomorphic function 
5ij on n V*,- such that p*g%j = hij. In this case, o"j = R g ..Oj. Hence, 
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7i = a* 6 = 9 o R g ..„ o <rj* = gfj ■ 9 o <7j* = ^ • 7,-, that is (C. 2) for 
/ij := 9iy When dim c P = 2: = by dim c Z = 1. By (P. 3), 
/ de\ p -i(y.) = SX^dXi Ap*7i. Hence, 7; / 0, that is (C. 1). When 

dim c P = 2n + 2 ^ 4: (d6) n+1 = Sxf +1) * -1 dAi A _p*( 7i A (d 7i ) n ) ^ by 
(P. 3). Then "fiA(d'ji) n / 0, that is (C. 1). Hence, (Z, Jz',le) is a c-manifold. 
And (P, J; R\(\ G C x ),p;9) is a symplectification of (Z, Jz\le)i because of 
(ii), E lg \vi ■= ker'7j = E\y. and ker'9 = p~}E = p~}E le . □ 

Example 1.4. {Principal contact bundles of degree 5) 

(i) (Symplectifications of degree ±1) Let (Z, Jz',l) be a c-manifold. By 
the condition (P. 7) and Lemma 1.2, (P 7 , J 7 ; P^(A G C x ),p 7 ;# 7 ) is a prin- 
cipal contact bundle of degree 1 on (Z, Jz), and also a symplectification of 
degree 1 on {Z,Jz;^), called £/ie standard symplectification of (Z, Jz'il)- 

(i-1) Put := P^ . Then (P 7 , J 7 ; P^(A € C x ),p 7 ;6' 7 ) is a symplecti- 
fication of degree —1 on (Z, Jz", 7). 

(i-2) (V.I. Arnold p], T. Oshima & H. Komatsu [18]) As a complex 
manifold, P 7 is identified with F 7 := {A^l^ G T*'Z| A G C x € Z, 7 j G 7} 
by ,ui : F 7 — ► P 7 ;A7i|^ i-> A7i(C)- Hence, (F 7 ; ^ x o P A o ^(A g C x );//*0 7 ) 
is a symplectification of degree 1 on (Z, Jz\l)- 

(i-3) (T. Nitta & M. Takeuchi [16, Theorem 1.3]) Put L x := L 7 \0 
with p : L x — > Z and 7r : T'L X — ► L X ;A 1— ► vr(A) as the canonical 
projections. Then (L x ;i?^ 7 ^(A G C),p) is a holomorphic principal C x - 
bundle. For any n G L x , put 17 : C — ► L 7 | p (^;A 1— > Fl 7 ,a^ 5 which is a 
C-linear isomorphism, by which L x is identified with the C-linear frame 
bundle of L T Put 9~(X) := ^{X^^ip^X)) for X G T'L X . Then 
(L x ; i?£ 7i ^(A G C x ),p; 6 1 " ) is a symplectification of degree —1 on (Z, Jz\l)- 

(i-4) ( When dmifjZ = 1) Put P := T* Z\0 with the canonical projection 
p : P — ► Z, on which the restriction of the canonical complex structure J 
on T* Z and the scalar multiple R\ (A G C x ) on each C-linear fiber of T* Z 
are well-defined. Then 9 G A lfi {P) is defined as 9{X) :=< tt(X), P *X > t , z 
for X G T'P, where ir : T'P — * P is the canonical projection, so that 
9 = X(p*dzi) on p~ l {Vi) by the local trivializations given as tpi : V% x C x — > 
P; (CjA) 1 ^ Xdzi\{ with the complex coordinates {(zi,Vi)} on (Z,Jz)- And 
(P, J; Pa(A G C x ),p; 6*) is a principal contact bundle of degree 1 on (Z, Jz), 
which is the standard symplectification of (Z, Jz; {(dzi, Vi)}). 

(ii) (Hopf-fibration) Let ~ be the equivalence relation on the non-zero 
row vectors C^- +1 := CV+i\{0} defined as follows: For z, w G C^ +1 , z ~ w 
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iff there exists A G C x such that z = \w{=: R\w). Put PnC := Cn+i/ ~, 
the complex pojective space of complex dimension N with p : C N+1 — ► 

PnC;z = (zq,---,z n ) h-> Pn(z) =: [z : ••• : 2^]. Then (C^ +1 ;p, -R A (A G 
C x )) is a holomorphic principal C x -bundle on PnC. For i G {0, • • • , N}, 
put Ci '■ Cn+i — ► C;z = (zo, • • • , zn) 1 ► Zj. Assume that 2V = 2n + 1 ^ 1. 

(ii-1) By means of the canonical coordinates (£o, Clj • • • > C2n+i) on C 2n+2 , 
put := E*=o(CfcdCfc+n+l - <k + n+id( k ). Then fif G ^ 1 '°(C 2 x n+2 ). And 
(C2n+2'-^(A G C x ),p;9) is a principal contact bundle of degree 2 on 
P^n+lC. 

(ii-2) Put C x n+2 := {{±z}| * G C x t+2 } as the quotient space of C' 2n _|_ 2 
by the fixed point free action R a of a G Z 2 := {1, —1} on C 2n+2 with the 
canonical projection fx 2 : C 2n+2 — ► C 2n+2 ; -2 l— * {± z }- Put i? A {±2:} : = 
{±y r Xz}, p : C 2n+2 — > P 2n +iC; {±z} i-> Then # A 2 o /i 2 = // 2 

p o fj, 2 = P- And (C 2n+2 ;p,i? A (A G C x )) is a holomorphic principal C x - 
bundle on P 2n+ iC. Because of = a 2 9 = 9 (a G ^2); there exists a 
holomorphic (l,0)-form 6 on C 2n+2 such that fi 2 9 = 9. In this case, 9 
satisfies the conditions (P. 1) and (P. 3) because of (P. 1) and (P. 3) on 9. 
And /i 2 CR A 20) = R\{H* 2 &) = R* x = X 2 9 = n* 2 (X 2 9) because of (P. 2) on 9. 
Since ^ 2 * is bijective at each tangent space, -R A 2# = X 2 9 for A G C x , that is 
(P. 2) on 9. Hence, (C 2n+2 ;i? A (A G C x ),p;9) is a principal contact bundle 
of degree 1 on P 2n+ iC. 

(iii) (Adjoint varieties) Let ^ be a complex simple Lie algebra with the 
product [X, Y] of AT, 1" G Q, a Cartan subalgebra the set A of all roots, 
and the root space Q a := {X G G\[H,X] = a{H)X (H G H)} of a G A. 
Since the Killing form !?g : Q X Q — ► C is non-degenerate on Ti (2.2.2)], 
h a G TC for q G A is defined as Bg(h a , H) = a(H) for all H £ 7i. Then 
Hd := @ a <z/\Rh a is a real form of on which £?g is positive-definite 
(2.3.4)]. By H. Weyl, there exists e a G Q a such that [e Q ,e_ a ] = — h a 
and [e a , e/?] = N at p e a+/ g with 1? 9 N a; p = N- a -p, Bg(H,e a ) = and 
Bg(e a ,e p ) = -r a ^ p for a,/3 G A, If ' E Ti. '(2.2.5), (2.6.4), (2.6.5), 
p. 171], so that U := {H + E«eA x a e a| # G V^IHr, C B = x- a } 
is a compact real form of Q. Take a lexicographic ordering on 7~Cji with 
A + := {a G A] a > 0}. Let /9 be the highest root in A + with H p := 

Bg (h p ,h p ) h P- Then Q = ®ieZ& for Q * '■= i X e ^1 [ H P' X \ = iX } with 
= {0} ( \i\ ^ 3 ), ^ ±2 = ^ ±p , Q±i = ® a (H p )=±iGa and ^ = H © 
(®a(J? )=0^a) as a ^-graded Lie algebra [22], 4. 2. Theorem] (cf. [8]). Put 
C := {Y G 0| [Y,G p ] C a p } = ©4=0,1,2 ft, £ := G a|[X,g p ] = 0} and 
e?oo := Go n A). Then g = CH p © £00, £ = £00 © Si © Q2 < £ = C# p © £ 
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and Goo = {YsiiX-iiX+iW X ±l G ±1 } (cf. Lemma 1]). 

Let End(£/) be the associative C-algebra of all C-linear endomorphisms 
on Q and GL(Q) the group of all non-singular elements in End(<5) with 
the identity transformation 1 : Q — > Q ; X i— > X and the exponential 
mapping exp : End(£?) — > GL(Q);f » e* := En=0W- p ut Aut(fir) := 
{a G GL(C/)| a[X, y] = [al, a7]}, G the identity connected component 
of Aut(£), and exp G := exp o ad : £ — ► GL(G);X i-> where 
ad : g — ► End(G);X >-> ad(X) is defined by ad{X)Y := [X, Y] for Fe^. 
For 5 G G, put L g ,R g :G^G such as L fl (/) := <?/, := fg (f € Cf), 

and that A g := L g o _i with exp G (gy) = ^4 9 (exp G (y)). For Y £ Q, put 

yL := ^lt=o Lex PG(* y ) and YR := ^!t=o jRex PG(* y ) as smootn vector fields 
on G. Because of exp G (ty)g = gA g -i(exp G (tY)) = gex$ G (tg Y), 

Y L \ g = (g-^X (1) 

at each g G G. Moreover, (dA g )Y R = (gY) R , (dL g )Y R = Y R , {dR g )Y R = 
(dA g -i)(dL g -i)Y R = {g~ l Y) R , (dv)Y R = (-Y) L , [X R ,Y R ] = [X,Y] R and 
[X L ,Y L ] = (-[X,Y]) L . Let J G be a smooth section of End R (TG) given 
by J G X R := (^IX) R . Put Sj(X, Y) := [X, Y] + J[JX, Y] + J[X, JY] - 
[JX,JY] with X := X,X R ; Y := Y,Y R ; and J := J ( ?,\/ = T; respectively. 
Then 5j G (X fi ,y fi ) = S , ^ T (X,y) i? = 0^ = 0. Hence, J G is a complex 
structure on G. By the equation (pQ), 



j G y L | 9 = j^y)^ = (v^r 1 ^*!^ (V=iY) L \ g , (2) 

(dL f )J G Y R = (V=1Y) R = J G (dL f )Y R , (dR f )J G Y R = (^lf^Y) R = 
J G (dR f )Y R , (dv)J G Y R = {-^f=lY) L = J G (-Y) L = J G (dv)Y R , so that 
(G, Jg) is a complex Lie group. By Campbell-Hausdorff-Dynkin formula [191 
p.29], Y R \ expa{x) = £\ t=0 exp G (X)e WG (tY) = || t=0 exp G (X + t0 x (Y)) G 
T CXPg (x)G for some C-linear mapping fix '■ Q — ► Q\Y i— > /?x(y)- Then /?x 
is surjective since exp G : — > G is locally diffeomorphic. For X, Z £ Q, 
put <7 = exp G (X) and Y £ Q such as Z = /3x(Y). Then ^| t=Q exp G (X + 
tZ ) = Tt\t=o ex PG(X + tp x (Y)) = Y R \ g and J G Y R \ g = {V=lY) R \ g = 
^| t=0 exp G (X + t/3 x (y/=lY)) = i\ t=Q exp G (X + t^Z). Hence, exp G : 
(Q, \f—l) — ► (G, J G ) is holomorphic, so that 

4> g := L g o exp G : Q — > G;X h-> g ■ exp G (X) = g ■ e aAX 

gives holomorphic local coordinates of G around g G G, and that (G, J G ) 
is a complex submanifold of (End(^), y — !•) by the canonical embedding, 
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lq : G — ► End(G);g i— > g, since lg ° <fig '• G — * End(G);X g ■ e is 
holomorphic. Then irp : (G, Jq) — ► (9, V — 9 l— * 9 e p an d n z '■= Pg°^p '■ 
(G, Jq) — ► CP(Q);g t— > gQ p are holomorphic, where CP (9) is the complex 
projective space of 9 with the canonical projection pg : Q\0 — ► CP{Q). 
Put Pg := irp(G) Q Q and Zg := itz(G) such that Zg = pg(Pg). In this 
case, Pg is a G-homogeneous affine algebraic variety in Q with the complex 
structure Jp := \J — 1 • |tp 5 > and that is a G-homogeneous projective 
algebraic variety with the complex structure Jz such that PgJz = Jp, called 
the adjoint variety of Q (cf. [HI Theorem 3.1]). 

(iii-0) Put L := {a G G| a£ p = £ P } with vr G/L : G — ► G/L;g i-> 5 L. 
Then L is a complex algebraic subgroup of G corresponding to C Put 
Lo := {a G G| ae p = e p } with tt g /l q '■ G — > G/La;g t— > gLo- Because of 
Rf* Jg = Jg Rf* (/£-£), there are complex structures Jg/l , Jg/l on 
G/L , G/L such that J g /l °^g/l * = ^g/l *°Jg, Jg/l°^g/l* = ^g/l*°Jg, 
respectively. Put p : (G/L ,J g /l ) — ► (G/L,J G/L ) such that 7r G/L = po 
^G/Lo- Then P* J G/L Q = Jg/l°P*- Put l g/Lq : (G/L ,J g/Lq ) — ► (Pg,J P ) 
and l g/l : (G/L,J G/L ) — * (Zg,J z ) such that l g/Lo o tt g/Lo = ir P and 

I'G/L ^G/L = kz- Then l g /l * Jg/l ^g/Lq* = ^p* °Jg = • °ttp* = 
J P ^G/Lo* ^G/L *, so that ''G/Lo is biholomorphic. By t G/L opo vr G/Lo = 
PQ '■G/Lo ^G/Lo' one nas * na ^ fc G/i * s a ^ so biholomorphic. Put 

G- := 9-2 ®G-iCAf := G- © CH p . (3) 

Then = 9- © £ = © £o> so that there is an open neighbourhood Nq 
of in such that the mapping, (pg t L ■ No — ► G/Lq;X i— ► g exp G (X)Lo, 
gives holomorphic local coordinates around gL§ E G/Lq with the frame 

u g '■ N — > T gLo (G/L );Y » ir G/Lomg Y R . (4) 
Because of p^UgHp) = p*(Tr G /L *g H P H ) = n G /L*gHp = °> one nas tnat 

p-\0)=n G/ L *(CH^. (5) 

Put xl '■ L — ► C x ;/ 1 ^ Bg(fe p ,—e- p ), which is a complex Lie group 
epimorphism: In fact, because of B(e p , — e_ p ) = 1, for z € C one has that 

XL(exp G (z J ff p )) = e 2z . (6) 

Note that fe p = XL(f)e p for / e L, so that L = Xl^ 1 )- Hence, \j} ■ 
C x — * L/Lq = 7r G /^ (L); A 1 ^ Xl 1 (-^) is a complex Lie group isomorphism 
satisfying that x^ixUf)) = fL = vr G/Lo (/). Put 
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R x : G/L — » G/L ; gL ^ (gL ) X l l (X) (7) 

for A G C x , which is well-defined by Lq/ = /Lq for f £ L, and that the 
action R L/Lo : G/L x C x — ► G/L ; (gL ,A) ^ R x (gL Q ) of C x on G/L 
is holomorphic, since the action Rl : G x L — ► G; (g, f) i— ► 5/ of L on G is 
holomorphic and ^g/l °Rl = Rl/Lo°( 7T g/l x Xl)- Note that j5oi? A = p, and 
that the action Rl/l is simply transitive on each fiber p~ l (gL). In fact, if 
gL = g' L for some g' £ G then g' = g/ for some / G L, that is, R XL ^gL^ = 
g'Lo, where / G Lq iff gLo = g'L®. Hence, G/Lq is a holomorphic principal 
C x -bundle on G/L with the right action R\(\ G C x ) and the canonical 
projection p : G/Lq — > G/L. Let #g be a smooth C-valued 1-form on G 
defined by G (^ R |g) := Bg(e p ,X) at g G G for X G £. Then 9 G (J G X R ) = 
e G ((V~X) R ) = B g (e p ,V=lX) = ^lB g (e p ,X) = y/=10 G (X R ), that 
is, 6 G (T"G) = 0, so that 9 G is a smooth (l,0)-form on (G,J G ). For 
X,Y £ Q, d6 G (X R ,Y R ) = X R (6 G (Y R )) - Y R (9 G (X R )) - 6 G ([X R ,Y R ]) = 
-6 G ([X,Y] R ) = -Bg(e p , [X,Y]), since 6 G {Z R )\ g = Bg(e p ,Z) is a constant 
function of g for Z = X, Y. Then d9 G (J G X R , Y R ) = -Bg(e p , [y/^lX, Y]) = 
-y/-\Bg{e p ,[X,Y]) = y/=lde G (X R ,Y R ), that is, d6 G {T"G,TG) = 0. 
Similarly, d9 G {TG, T"G) = 0. Hence, d8 G is a smooth (2, 0)-form on (G, J G ), 
so that 9 G is a holomorphic (l,0)-form on (G, Jg). If / G L, then 



{R* f G )X R = 9 G (R f *X R ) = eG^Xf) = Bg(e p , f^X) 

= Bg(fe p ,X) = Bg( XL (f)e p ,X) = XL {f)e G {X R ), 

so that R*j9 G = Xi(/)^G- I n particular, R*j6 G = 8 G for / G Lq. Then 
there is a holomorphic (l,0)-form 6 on G/Lq such that ^ G i Ls p = 8 G , which 
satisfies the following properties: 

(P. l)g 9(p-H0)) = §(tt g/Lo *(CH r )) = 9 G (CH R ) = Bg(e p ,CH p ) = 0; 
(P. 2)g R* x 6 = \6 (A G C x ), because of n* G/Lo (R* XL(f) 0) = R}(* G/L J) = 
R}0G = XlWg = K G/Lo (XL(f)0) for / G L; and 

(P. 3)g {X £ T{G/L )\ d9(X,Y) = for Y £ T(G/L )} = {0}: In fact, 

{x £ g\ de G (x R ,Y R ) = if y £ g} = {x g g\ B g {[e p ,x],g) = 0} = 

{X £ g\ [e p ,X] = 0} = C (cf. [31 (5.6)]). Because of ir G/Lo *X R = 
(X £ Co), one has the result. 

Hence, (G/ Lq, J G / Lo ; R\(\ £ C x ),p;8) is a principal contact bundle of 
degree 1 on (G/ L, J G / L ). Then (G/L,J G / L ;js) given as Lemma 1.3 (iv) 
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is a c-manifold with Ej, = j3*(ker 9) = ] J ge G{ 7T G/L*X R \ X G G-i}' ^ 
T'(G/L) as the c-distribution such that g*E^, = £L, for g G G. Note 
that (Pg,Jp;pg) is a holomorphic principal C x -bundle on (Zg,Jz) with 
the right action R x := l g/Lo o R x o t"^. Then ^ A e p = t G/io ( J L xZ 1 (A)) = 

t G/L ( ex PG("^| — H p )Lo) = Xe p , the scalar multiple by A G C x on G\0. 
And a holomorphic (1, 0)-form 6g is defined by i^qi^q = 9, so that 
9q = Kq/ Lq = (^g/Lo ° ^g/LqYQq = Kp9g, which gives a principal contact 
bundle of degree 1 on (Z,J Z ), (Pg, Jp;pg,R\(\ G C x );9g). Put 7g := 7<? g , 
which is called the canonical c-structure on (Zg, Jz) with the c-distribution 
E lg = pg*(ker O ) = U geG {Tr z *X R \ X G i T'Z. 

(iii-1) If &\m.(jZg = 1, then = and Q = sl 2 C, so that Zg = 
Z sl ^(j = P\C , the complex projective line. 

(iii-2) If d\m.(jZg > 3, then rank(C/) ^ 2. In this case, {Zg, Jz) is called 
a kahlerian C-space of Boothby type after [16] Example 1.1], and 75 is said 
to be the canonical complex contact structure on (Zg, J z ). 

Lemma 1.5. Let (P, J; R\(X G C x ),p;9) be a principal contact bundle 
of degree 8 on a complex manifold (Z, Jz)- Put Pg '■= P/ Zg as the quotient 
space by the action of Zg '■= {Ru\ G C x ,u> s = 1} with the canonical 
projection fig : P — > Pg. Then: 

(i) Pg uniquely admits a structure of complex manifold with the complex 
structure tensor Jg such that fig '■ (P, J) — ► (Ps, Js) is holomorphic; 

(ii) R\Hs(r]) := fJLg(R x ijsr}) defines a holomorphic fixed-point free action 
of C x on Ps such that fig o R\ = R\s o fig; 

(iii) (Pg, Js; R\ (X G C x )) is a holomorphic principal C x -bundle on 
(Z,Jz) with a holomorphic mapping ps : (Pg, Jg) — ► (Z,Jz) such that 
PS f-S = P as the projection. 

(iv) There exists a (1,0) -form Og on (Ps, Js) such that fig9g = 9. In this 
case, (Pg, Js; R X (X G C x ),ps;9s) is a principal contact bundle of degree 1 
on (Z, Jz) such that pJ^E Jg = kev'(9g). 

(v) (P 2 , J 2 ;R X (X G C X ), P2 ;9 2 ) = (C x n+2 ;R X (X G C x ),p;,9) 
when (P,J;R X (X eC x ),p;9) = (C x n+2 ; R X (X G C x ),p;9). 

Proof, (i) In general, the fixed-point free action of every finite subgroup 
of the structure group of any (holomorphic) principal fiber bundle is properly 
discontinuous in the sense of [13] p. 43], so that the quotient space by this 
action uniquely admits a structure of (complex) manifold such that the 
canonical projection is a (holomorphic) covering mapping |13} Propoition 
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1.4.3]. Since Z& is a finite subgroup of C x , the principal action of Zs 
is properly discontinuous, so that the quotient space P$ uniquely admits 
a structure of complex manifold such that jis is a holomorphic covering 
mapping. 

(ii) For A G C x , rj £ P$ and i = 1,2. take z; L £ C x and r/i £ P such as 
A = zf and rj = jis{Vi)- There exists uj\,u>2 G Zs such that Z2 = z\uj\ and 
m = R^Vi, so that ns(R Z2 r] 2 ) = Hs(Rw 1 (Rzi(Ru> 2 r li))) = ^(RziVi)- Hence, 
R_x is well-defined such that jxs ° R z = ji>s ° R^ z sy/s = R z s o /x^. Since 

is a holomorphic submersion, the holomorphy of the action of C x on P5: 
C x x Pg — ► P$; (z, rj) 1 ^ P 2 t/ follows from the holomorphy of the action of 
C x on P: C x x P — ► P; (z,r/) ^ P^. 

(iii) In the step (ii), put ps{rj) := p(rji) = p(RojTji) = p(rj2), which well- 
defines a mapping ps : Ps — ► Z;rj ^ Psiv) such as ps° jJ-s = P- Since ji§ is a 
holomorphic submersion, the holomorphy of ps follows from the holomorphy 
of p. 

(iv) In the step (i), put 9 S (Y) := 0{X{) = ^^(P^ATi) = 9(X 2 ), which 
well-defines a (1, 0)-form 8s on (Ps, J$) such that ji* s 8& = 9. Since jig is a 
holomorphic submersion, the holomorphy of 9g follows from the holomorphy 
of 9. For z £ C x , ji* s (R* zS 9 s ) = R* z (jf s e s ) = R* z 9 = z s ■ 9 = ji* s {z 5 ■ 9 5 ), 
i.e. R* x 9$ = A • 8s for A = z 5 . And ker' 8s = /U«5*(ker' 8) = jJ.s*(p* 1 E~ rg ) = 
fJ>6*((P5 ° jis)* l E l0 ) = Ps*E le . 

(v) It follows from Example 1.4 (ii). □ 

For i = 1,2, let Pj = (P^Pj^A £ C x ),pi;9i) be a principal contact 
bundle on a complex manifold (Z, Jz). By definition, a mapping / : Pi — ► 
P2 is said to be a C x -bundle isomorphism iff / is a biholomorphism such 
that P2 f = Pi and R 2t \ f = f Pi, a (A £ C x ). And / is said to 
be an isomorphism iff / is a C x -bundle isomorphism such that f*8 2 = 
9\. In this case, they have the same non-zero degree. And p 2 *(kei'9 2 ) = 
P2*(/*(ker'0i)) = pi*(ker'0i), so that E l02 = E lH (i.e. [7^] = [70J) by 
Lemma 1.3 (iii, iv). By definition, two principal contact bundles are said to 
be isomorphic iff there exists an isomorphism between them. For a non-zero 
integer 5, let V s (Z, Jz) be the set of the isomorphism classes [P, J; 9] of all 
principal contact bundles (P, J; 9) of degree 5 on (Z, Jz). Then the following 
mapping is well-defined: 

Cs : V s (Z, J Z ) — C(Z, J Z ); [P, J; 9} ^ [ le \. 
By virtue of Lemma 1.2, the following mapping is well-defined: 

V 1 : C(Z, J Z ) — V\Z, J Z ); [7] ~ [P 7 , J 7 ; 7 ], 
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since (P 7 , J 7 ;p 7 , Pa (A G C x );9 1 ) is determined by E 1 . 

Theorem 1.6. (i) d o p 1 = id c(ZjJz) ; (ii) P 1 o Ci = id P i {ZiJz) . 

Proof, (i) Let (Z, Jz;t) be a c-manifold with 7 = {7^ : — > C}. Then 
Ci('P 1 ([7])) = C 1 ([P 7 , J 7 ; 7 ]) = [7(9 )], which is equal to [7]: In fact, for 
any X G T c V t , lt {X) =< 7i (C),tE7 7 (X) >l 7 = 7 (7i*C*) = (tT^)*, so that 
P^ = ker'7i = ker'(7*0 7 ) = E 1{0 ^ ) \ Vl by Lemma 1.3 (iv). 

(ii) Let (P, J;p, R\(\ G C x );9) be a principal contact bundle of de- 
gree 1 on a complex manifold (Z,Jz). Take a set {<7j : — > P} of 
holomorphic local sections of p such as Z = UjV^. According to Lemma 
1.3, put 7e = { 7i } with 7i := <r*0. Then P 1 (Ci([P, J; 0])) = V l ([le]) = 
[Pj 9 , Jj g ", #( 79 )]) which is equal to [P, J;0]: In fact, for any X G TfVi, 
7i(X) =< 7i(C),ro 7e (X) > L7e = 0^(7^ AT) = (j*e M )X, i.e. 7i = 7,^(79)- 
By Lemma 1.3 (ii), #( 7e )|i? A7l (e) = A-p* e 7^. Take : ViHVj — > C x such 
as <7j(C) = R gji Oi(C). Then 7,-^ = o = o P^..* o = ■ 7^ and 
< 7j(C),w 7e (X) >= 7j (X) = gji (0 ■ 7iW =< ^(0 • 7i(C),w 79 (X) >, 
so that 7j(C) = P ffj .. (c) 7j(C). Then //1 : P — ► P 7e ;P A cr;(C) ^ Pa7*(C) is 
well-defined as a mapping such that p 7e o ^ 1 = p, which is holomorphic 
since the local trivializations are holomorphic. Because of ^i(P a P A o"j(£)) = 
R a R\7i(() = R a (fJ-i(Rxo-i(Q)), m o R a = R a o jji-y (a £ C x ). By Lemma 

1.3 (ii), J4(0( 7e )k 7i (c)) = A • (7*lc °J*w*) Vi*RxM0 = A • Tile P*RxM0 = 
Q\il x ai(C)- Hence, pi : (P,J;9) — ► (P 7s , J 7e ; 0( 7e )) is an isomorphism. □ 

COROLLARY 1.7. (i) Let (P, J;P A (A G C x ),p;9) be a principal con- 
tact bundle of degree 5 on a complex manifold (Z,Jz). Then there exists 
a holomorphic \5\-covering map fi : P — ► P 7e such that p = p l0 o //, = 
M*0( 7e ), R\s °/* = /i° Pa (A £ C x ). 

(ii) Lei (P, J;P A (A G C x ),p;0) be a symplectification of degree 5 on 
a c-manifold (Z,Jz]j). Then there exits a holomorphic \5\-covering map 
H : P — ► P 7 smc/i i/mi p = p 7 o /x, = //*0 7 , R x s o /x = /x o P A (AG C x ) . 

Proof. (0) By Lemma 1.5, there exists a holomorphic |5|-covering p^ : 
P — ► P<5 such that P A i o /j, s = i_l s o P A (A G C x ), p = ps ^8 and 6* = /i^<5, 
so that \ le ) = [ 1 g 5 ]=C 1 {[P s ,J s ;0 s ]). 

(i) By Theorem 1.6 (ii), [P s ,J s ;0 s } = V^dftPs, J S ;0 S })) = V\[ le ]) 
= [Py„, J le ; 9j 9 ]. Hence, there exists an isomorphism fj,i : (P$,Js;9s) — ► 
(P le , J le ;0 le ). Thenp 7fl o W o W =p s ofi 5 = p, (fi l ofi s )*9 {yg) = MK^ifyw)) = 

= ^ and pi o p,5 o P A = |Ui o P A i o ^8 = R\& o fii o (AG C x ), so that 
the claim (i) follows by putting fx := /xi o n$. 

(ii) By (P. 0) and Lemma 1.3 (iv), [7] = [70] = d([P 5 , J 5 ; 9 5 }). By 
Theorem 1.6 (ii), [P s , J S ;0 S ] = V^C^s, J S ;9 S ])) = ^([7]) = [P 7 , J 7 ;^], 
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which gives an isomorphism fj,i : (P$, Js;6s) — ► (Py, J^', 7 ). Then p 7 o ^1 o 
= Ps = P, (Pi w)*^ 7 = mK^i^t) = M^a = # and m o [i s o R x = 
Hi o P Al5 o fig = R X 6 o /i! o |jj (A e C' x ), so that the claim (ii) follows by 
putting [x := fj,i o fig . □ 



2. Hamiltonian vector fields on a principal contact bundle. 



Let (P,J;R\(\ G C x ),p;6) be a principal contact bundle of degree 
<5 / on a complex manifold (Z,Jz)- For r] £ P and X G Z^P, put 

:= -L X d9 G T*'P such that < X\ Y >t>p'-= -dS{X,Y) for Y G T^P. 
By (P. 3), {d9)\ : T^P — ► T*'P;X i-> A^, is a C-linear isomorphism, which 
gives a holomorphic vector bundle isomorphism, (d6)^ : T'P — ► T*' P. Then 
the inverse, E := ((d^) 11 )^ 1 : T*'P — ► T'P;lo E(co), is a holomorphic 
vector bundle isomorphism such that t~,(u>)dO = —00. For / G 0(W, J), put 
X f := 2 Re(£(d/)) = E(df) + E(df), so that X' f = E(df). Then X/ is a 
holomorphic real vector field on (W,J) such that Lx f dO = —df, which is 
said to be the Hamiltonian vector field of f on W. 

Let I be an integer. And W an open subset of P. Put O e {W, J) := {/ G 
0(W,J)\ E(6)f = -f/} and a e (W,J) := {X f \ f G O e (W, J)}. Because of 



X 



1/ 



JXf for / G 0(W, J), one has that a (W, J) is a C-linear subspace 



of a(W, J). For w e C and n eW, put 



UJ|?J 



d 



P e ™t 77 



t=o 



2 Re(w— - 

dz 



P 2 f?) G T V W. 



(8) 



Then p" 1 ^) = {( a + | a,b £ R} C TP. By the locally trivializing 

holomorphic coordinates ipi((,X) := PaCi(C) °f ^ given in Lemma 1.3 (i), 
1 P^(C,A)= £\ z=i ^((, z \) = \d_\ 



A 

<h 



7 ,>e T', U P, so that 



p: 



f — 






t= 


d 








dz 


z= 


A 


d 



R e twijji((,X) 



d 



MM 



5 ax> 



-2w5Re(E(9)) and B' w 



-wSS(0) for weC, and that p' 1 ^) = Re(CS(6>)) and 

O e (W, J) = {/ G 0(W, J) I P w / = to/ (w G C)}. 
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In particular, O e (P, J) = {/ € 0(P, J)\ R*J = X e f (A G C x )}. 

(ii) Rx*Z(8) = 2(0) /or any A G C x . 

(iii) 0(3(#)) = *(*/) = t/ /° r / G J), Mien £ / 0, X " ■ 
O (W,J) — ► a (W,J);f i ^ X (/) := -X"/ a C-linear isomorphism such 
that { X l T l = - e 6. 

(iv) Assume i/iai u G ^(W, J); /, 3 G 0(W, J); and Y G #(W). T/ien 
L~,(u)d6 = —duj, L S ( d fjd0 = and [Y, S(cj)] = 3(Lya; + tg^) (Lyd8)), so 
that [X f , X g ] = X^x'j, x' g )- 

(v) C^(W, J) i {/ G 0(W, J) I [-B^,^/]' = w(£ — 5) ■ X'jr (w G C)} and 

[a'(W,J), a?(W,J)]g a e+e '- s (W,J). In particular, 
O e (P,J) Q {/ G 0(P, J) I i? A *X} = \S-*X' f (A G C x )}. 

Proof, (i) By Lemmas 1.3 (ii) and 1.2 (i), d0(A^, F) = o"A 5 (p*(7 i | c )F) = 
(50(F) = -Sd9(E(9),Y) for F G T^ X) {p- 1 V i ), so that the 1st equation 
follows. The 2nd and the 3rd equations follow from the 1st one. The 4th 
and the 5th equations follow from the 2nd one. For / G O l {P,J) and 
w G C, i\ t=Q f(R e ^v) = B w f\ v = £wf( V ), so that |(e" toi • f{R e ^)) = 
z- WWt -fs\ s=0 i e ~ £wS 7(fle«* V) +f(R e ™ (R e ™t V ))} = e- wwt -{-£w f(R eWt n) + 
£w • f(R e wt7])} = 0, i.e. e~ ewt • f(R e wtrj) = f(r)), that gives the last equation. 

(ii) For any X G T V P at each n G P and A G C x , d6{X, R x *Z(0)) = 
X 5 d9(R^X,E(9)) = X S 9(R^X) = 9(X) = d9(X,E(9)), as required. It also 
follows from B 1 = -2<SRe(E(0)). 

(iii) If / G f (W,J), then 0(X/) = -d0(Z(6),X f ) = -d/(S(0)) = 
—E(9)f = |/. By the definition, x £ is a C-linear surjection. If £ 7^ 0, then 
|0 o ^ = id<9*(w n, so that x e is an injection. 

(iv) L=( w )d0 = d(iwt u ,)d9) + L S ( UJ )dd9 = —dto, so that L^ d ^d9 = —ddf = 
0. And i[y iS ( w )]d0 = [Ly, ts(u,)]d0 = L Y {i~(u)d9) - is(u,) (LydO) = -(L y uj + 
z. S ( w )(Lyd0)), so that [F, E(cj)] = H(Lyw + i s ^(Lyd9)). In particular, 
[A7,X 9 ]' = [S(d/),S(d«7)] = E(L s{df) dg + i~ {dg ){L m) d9)) = E(L E{df) dg) = 
E(d(i E(df) dg)) = E(d(-d8(E(dg),E(df)))) = X'^^,^ = X' df){x ^ x , y 

(v) By (iv), Ls^dO = —w5L^^d8 = w5d0, so that i^( d f\(LB> w d9) = 
i m) {w5d6) = -wSdf. If / G 0*(W,J), then [S^X,]' = [B' w ,E{df)} = 
Z(L B , w df + L m) {L B , w d0)) = E(d(B' w f) ~ wSdf) = ~(w(£ - S)df) = w(£ - 
S)X' f , that gives the 1st claim. If g G O e '(W,J), then B' w d6(X' f , X' g ) = 
(L B , w d9)(X' f ,X' g ) + de([B' w ,X' f },X' g )+d9(X' f , [B' w ,X' g ]) = w6d9(X' f ,X' g ) + 
de (K(e-S)P X ' 9 ) + de ( X 'pK { i>-s )a ) = w (t + S)d9(X' f ,X' g ), so that 
[Xf,X g ] = X de{x ^ x , g) G a e+e '- 5 (W,J) by (iv) and (i), that is the 2nd 
claim. If / G O l {P,J), then i\ t=0 R e ^(X' f \ Re _ wtV ) = -[B w ,X f }% = 
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-w(£ - 5)X' f \ v , so that e ^~ 5)wt ■ R e wt*(X' f \ Re _ wtri ) = X' f \ v , that gives the 
last claim. Another proof of the last claim when £ 7^ 0: If A G C x , then 
9(R x .X f )\ v = X s 6(Xf)\ R -i j] = \ s lf\ R -i v = X s - e lf\ v = \ s - e e(X f )\ v by 

(iii), so that lx e (.0(R^X f )) = lx e ^ 5 - e 0(X f )), i.e. R x ,X' f = X s - £ X' f . □ 

By Lemma 2.1 (i), each / G £ (W,J) is said to be a homogeneous 
holomorphic function of degree £ on W, and that £(#) is said to be the 
Euler operator of (P, J; R\(\ G C x ),p; 9). Put 

a(P,J;d9,R c x) := {X G a(P,J;d9)\ dR x X = X (A G C x )}, 

a(W, J; 0) := {X G a(W, J)\ L x 9 = 0}, 

a(W, J; d0) := {X G a(W, J)| = 0}, 

a(W, J;d9,E(9)) := {X G a(W, J;d0)| [£(#), AT] = 0}. 

Lemma 2.2. (i) For X £ a{W,J;9), 9{X) = G 0(W, J) iffX = 0. 

(ii) a 5 (W, J) = a(W, J; 0) = a(W, J; d9, E{9)). 

(iii) a 5 (P, J) = a(P, J; 0) = a(P, J; d0, P^x ). 

Proof, (i) If X = 0, then 9{X) = since 9 is a linear form. For 
X G o(W, J; 9), = L x = d{9(X)) + If 0pQ = G 0(W, J), then 

= 0, so that X = because of the condition (P. 3). 

(ii-1) If / G 0\W, J), L X/ = d(0(X/)) + L Xf d9 = d(l /) + tJC/ d0 = 0, 
by Lemma 2.1 (iii) with £ = S, so that a 5 (W, J) ^ a(W, J; (9). 

(ii-2) For Y G a(W,J;0), put / := 9{Y) G 0(W,J). For z G C, 
9{B Z ) = by the condition (P. 1). Then L Bz 9 = d{9(B z )) + t Bz d9 = 
z5 ■ 9, [B Z ,Y] = z5Z(L Y 9 + i s{0) dL Y 9) = 0, so that B z f = (L Bz 9)(Y) + 
9{[B Z ,Y]) = (z59)(Y) = zSf. Hence, / G O s (W, J) and X f G a s (W,J) Q 
a(W,J;9). By Lemma 2.1 (iii), 9{Y-X f ) = /-f/ = so that F-X/ = 
by the claim (i). Hence, a{W, J; 9) g a s {W, J). 

(ii-3) For X G a{W,J;d9), E(L X 9) = [X,E{9)}. Hence, [X,E{9)} = iff 
L x = 0, that is, a(W, J; d9, 2(0)) = a(W, J; 0). 

(iii) For 2 £ C and X G o(W, J), = 2Re(- z5[Z(9), X]). Hence, 

a(W, J;d9,E(9)) = {X G a(W, J"; rf6»)| [P 2 ,AT] = (z G C)}, 
so that a(P, J; cZ0, 2(0)) = a(P, J; d0, P^x ). □ 

Let (Z, Jz'ij) be a c-manifold with the contact line bundle L 7 and the 
standard symplectification (P 7 , J 7 ;Pa(A G C x ),j> 7 ;0 7 ) defined in Example 
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1.4 (i). For g G Aut(Z, Jz\l) and 77 G P 7 , < T},m y (g* 1 X) >l 7 G C does 
not depend on the choice of X, because of g*P 7 = E 1 . Hence, gp(rj) G 
P*\ Pl ( v ) is well-defined by < g P (n),w 1 (X) >l 7 :=< r},w^{g~ x X) > Li for 
all X G T' p ^Z. For A G C x and 51, g 2 G Aut(Z, Jz;7), P~ t 9p = 9 Pj, 
R\ 9p = 9p R\ and (51 o <?2)p = 9ip 92P- By the definition of # 7 , 



?p*y) = < 7r(#p*Y),ro 7 (p 7 *#p*y) >r =< 5(7ry),t*7 7 (5*p 7 *y) >r 



J 7 

< 7r(y),ro 7 ( 5 -V(p7* y )) > L7 = 6> 7 (y) 



for y G r'P 7 . so that # P G {/ G Aut(P 7 , J 7 )| /*# 7 = 7 , P A °/ = /°Pa(A G 
C x )} =: Aut(P 7 , J 7 ; 6> 7 , Rgx), which is said to be the prolongation of g (cf. 
HI (3.1)], US]). Then Pro : Aut(Z, J z;7 ) — ► Aut(P 7 , J 7 ; 7 , R c >< ) : 3 ^ 
gp, is well-defined as a group homomorphism such that p 7 is equivariant. 
For any X G a(Z, Jz',l), let exp z iA be a locally defined one parameter 
group determined by X as: ^| i=0 (exp z iX)C = A|^. Let (exp^tX)p be the 
prolongation defined on p~ 1 (C/) for an open subset U around each point of 
Z, which gives Ap^ := ^| t=0 (exp z tX)prj G T^Py at each rj G P 7 . Then 
Xp G a(P 7 , J 7 ;# 7 ) = a 1 (P 7 , J 7 ) (Lemma 2.2 (ii)) such that (dp-y)Xp = X, 
so that pro : a(Z,Jz;~f) — > a 1 (P 7 , J 7 ); A Ap is a complex Lie algebra 
homomorphism such that o!p 7 o pro = id a (^j z;7 ), which is said to be the 
infinitesimal prolongation isomorphism because of the following result (cf. 
[121 Theorem 1.7.1], [HI p. 74, Theorem 2.4'], [16, Theorem 1.6, Corollary]): 

Theorem 2.3. Let (P, J;P A (A G C x ),p;9) be a symplectification of 
degree 5 on a c-manifold (Z,Jz',^f) with the contact line bundle L 7 . Then 
the following is a commutative diagram of C -linear isomorphisms: 

dp^y dpi 

a(Z,J z ;j) a 1 (P 7 ,J 7 ) <— a 5 (P,J) 
pro 

^ 7 I # 7 IT x 1 IT / 

r(L 7 ) ±5 o 1 (p 7 ,j 7 ) — ► o s {p,j) 

where /j, : P — ► P 7 is i/ie one given in Corollary 1.7 (ii). 

Proof. By Lemma 2.1 (iii), x* 5 = 6" 1 and x 1 = ft^ 1 - By Corollary 1.7 
(ii), LioR x = R xS o li (A G C x ), so that /i* : O^Py, J 7 ) — ► 5 (P, J); / 
f o fi, is well-defined as a C-linear isomorphism. And dOydi^Xf, n^Y) = 



18 



d9(Xf,Y)\ v = df(Y) = d{n* f){n^Y) , so that n^Xf = X^* f \^ v y Hence, 
dji : a 6 (P,J) — ► a 1 (P 7 , J 7 );Xj i— ► d/j,(Xf) = Xn*f, is well-defined as a C- 
linear mapping. For X £ a 5 (P, J), #(A|„) = = 
so that 9 = fi* o 9$ o d[i. Hence, dfi = 9J 1 o o 0, is a C-linear isomor- 

phism, so that the right hand of the diagram gives a commutative diagram 
of C-linear isomorphisms. By Lemma 2.2 (hi), Y := dp^{X) £ a(Z,Jz) 
is well-dehned for X £ a 5 (P, J). And exp(tY)*P 7 = p*(exp(LY)*ker' 6*) = 
p*(ker' exp(tA)*#) = p*(ker' 9) = P 7 , so that Y £ a(Z, Jz'il)- Hence, 
dpj : a s (P,J) — > a(Z, Jz'il)] X i— > dp 1 {X), is well-dehned as a C-linear 
surjection since <ip 7 o pro = id a (2,j z;7 ) is surjective. By the definition of 
6* 7 , # 7 = ll o ro 7 o o!p 7 , which completes the commutativity of the dia- 
gram. Since # 7 is bijective, dpj is injective, so that dpj is bijective and that 
pro = (ffp 7 ) -1 . By Lemma 0.1, Er = (iL 7 ) -1 . Then ro 7 = o o pro is 
a C-linear isomorphism. □ 

In general, put V\t- := {X\^\ X £ for any subset V of real vector 
fields on a manifold M and a point £ £ M as a subset of the real tangent 
space T^M at £ £ M. By definition, a c-manifold (Z,Jz',l) is said to be 
homogeneous iff there exists £ £ Z such that Aut(Z, Jz'il) • C = Z. And 
(Z, Jz'il) is said to be infinitesimally homogeneous iff T^Z = a(Z, Jz]l)\( at 
all C £ Z. By definition, (Z, Jz'il) is said to be infinitesimally Hamiltonian 
homogeneous iff T^P = a s (P, J)L at all £ P for some symplectification 
(P,J;9) of degree <5 on (Z, Jz'il)- In this case, (Z,Jz',j) is infinitesimally 
homogeneous by Theorem 2.3. 

Proposition 2.4. (i) Aut(Z, Jz'il) of a connected compact c-manifold 
(Z, J% \ 7) is a finitely dimensional complex Lie group acting holomorphically 
on (Z, Jz) with the Lie algebra a(Z, Jz'il)- 

(ii) Let (Z,Jz',l) be an infinitesimally homogeneous connected compact 
c-manifold. Then it is homogeneous. If Z is simply connected, then there 
exists a conected complex semisimple Lie subgroup Gz o/Aut(Z, Jz'il) such 
that Z is one orbit of Gz ■ 

Proof, (i) By S. Bochner & D. Montgomery |12^ Theorem III. 1.1], 
Aut(Z, Jz) is a complex Lie transformation group with the Lie algebra 
a(Z,Jz)- And Aut(Z, Jz'il) is a closed subgroup of Aut(Z, Jz) with the 
Lie algebra a(Z, Jz'il)- Let ri oca i(P 7 ) be the set of all holomorphic lo- 
cal sections of P 7 on Z. Then X £ a(Z,Jz;i) iff A £ a(Z,Jz) and 
[X, Y] £ ri oca i(P 7 ) for any Y £ ri oca i(P 7 ) stabilizing P 7 . In this case, 
[JzX,Y] = Jz[X,Y] £ P 7 . Hence, a(Z,Jz;i) is a complex Lie subalge- 
bra of (a(Z, Jz), Jz)i so that Aut(Z, Jz'il) is a complex Lie subgroup of 
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Aut(Z, Jz) with the Lie algebra a(Z, Jz'-,!)- 

(ii) For £ G Z, put £ : Aut(Z, Jz'il) — ► Z; f t— > /(C), which is a smooth 
mapping such that C*(F/Aut(Z, Jz; 7)) = o(Z, Jz; 7)1 /(f) by (i). Because of 
a(Z, Jz; 7)|/(f) = Tftg\Z for all C G ^, C(Aut(Z, Jz; 7)) is open in Z. Note 
that Z = U ?eZ C(Aut(Z, J z ; 7)) with C(Aut(Z L Jz; 7 ))nC / (Aut(Z, Jz; 7)) = 
or £ (Aut (Z, Jz; 7)). Since Z is connected, £(Aut(Z, Jz; 7)) = Z. If Z is 
simply connected, by H.C. Wang [211 (2-3)], the connected simply connected 
compact complex coset space Z is one orbit of a maximal connected complex 
semisimple Lie subgroup Gz of Aut(Z, Jz; 7). □ 

For a non-zero integer £ and a finite subset {fo, • • • , /at} of O e (P, J), me 
associated map, the associated projective map and me associated Hamilto- 
nian vector bundle are defined as F := (/o, • " " > /iv) : P — ► Cn+\- [F] '■= 
[fo : ••• : /at] : Z — > PvC and V(/ , • • • , /at) := {£f =0 c^/J c i ^ C}, 
where [F] is well-defined as a mapping iff F(P) ^ Cat+i\0. 

Lemma 2.5. Let (P, J; R\(\ G C x ),p;9) be a symplectification of degree 
5 on a c-manifold (Z, Jzjj)- And £, m be integers with £ ^ 0, m > 0. Then: 

(i) For a /zxerf 7/ G P and a /mite subset {fo, ■ ■ ■ , /at} of O e (P,J), 
V(fo,"-ifN)\ v = T V P iff F^ : T V P — ► T F ^C N+1 is injective iff [F] 
is well-defined around p{rj) and that \F\*pfn) is injective. 

(ii) J 7 is immersionally ample of order m (or ample of degree m) iff there 
exists a finite subset {fo, ■ ■ ■ , /at} of O m (P 1 , J 7 ) snc/i mat me associated 
projective map [F] : Z — > P/vC is well-defined as an immersion (resp. an 
embedding). In these cases, V(fo, • • • , /at)|?j = F^Py at all r\ G P 7 . 

(iii) J 7 is immersional (or very ample) iff there exists a finite subset 
{fo, • • • , In} of O s (P, J) such that the associated projective map [F] : Z — ► 
P/vC is well-defined as an immersion (resp. embedding). In these cases, 
iPT*V(f , • • • , /at))| C = T ( Z at all ( G Z. 

Proo/. (i) Put Cj : CV+i — ► C; (z 0) • • • , %n) >-> Zj for j G {0, 1, • • • , TV}, 
so that W F ( V ) := {aV^Cjl J G {0, • • • , A}} spans T F ^C N+ i. Then F^ is 

injective iff the dual map F* : F*'Cat+i — ► F*'P is surjective iff P*W^(^) = 
{d v fj = F*d(\ j G {(),•••, iV}} spans T*' P iff {S(4Tj)UI J G {0,---,A}} 
spans F^P iff V(/o, • • • , /at)|?j = F^P- In this case, F(n) 7^ because of 
P^Pi = lB x \ m = iff F{rj) = for + B x and B^p^ = i\ t=(j R e tF{ V ). 
If [P]*(p*^X) = then ^(F^X) = and that F^X = B Z \ F ^ for some 
z G C so that A = jB^ and p*X = 0, i.e. [P]* p ( r) ) is injective. Conversely, 
assume that P 7^ on an open neighbourhood of rj and that [F]*^) is 
injective. Take X G T v P\0. If p*X / then p*(F*X) = [F]*(p*X) / 
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and F*X / 0. If p*X = then X = B z \ v for some z £ C x and F t X = 
£B z \pr v \ / 0. Hence, F* v is injective. 

(ii) The last claim follows from (i). L 7 is immersionally ample (or ample) 
of order m iff there exists a finite subset {</?q, • • • , (p^} of T(L® m ) such that 
[$] : Z — ► P N C of $ := (i L ®(<Po), • • • , L L ®(ip N )) : P L ®m — ► CV + i is well- 
defined as an immersion (resp. embedding). In this case, put F := o v m : 
P 1 — > C^ +1 . Then [F] = [<&], which is well-defined as an immersion (resp. 
embedding). Put (/ , • ■ • , /at) := P, so that jfy = if ((pj) G O m {P 1 ,J 1 ) 
(j G {0, 1, • • • , iV}) by Lemma 0.1, as required. Coversely, assume that [/o : 
• • • : /at] : Z — > PnC is well-defined as an immersion (resp. embedding) 
for some fj G m (P 7 , J 7 ). Then /j = i>™^(<Pj) = L L ®m((pj) o i/ m for some 

99j :=Yl™(fj) G r(L 7 3m ) by Lemma 0.1, so that [t L ®m((^o) 5 ^®™( ( ^iv)] = 
[/o : " " " : /iv] : ^ — * PnC, which is well-defined as an immersion (resp. 
embedding), as required. 

(iii) As the case of m = 1 for (ii), L 7 is immersional (or very ample) iff 
bo : ■ ■ ■ : 9 n] '■ Z — * PnC is an immersion (resp. embedding) for some 
finite subset {go, ■ ■ ■ ,gN} of 1 (P y , J 7 ). In this case, taking \i : P — > P 7 
given in Corollary 1.7 (ii), put /j := fx*gj G C 5 (P, J), so that [/o, • • • , /at] = 
[<?0> " " " i5at] : Z — ► PnC, which is an immersion (resp. embedding). Co- 
versely, assume that [/o : • • • : Jn] ■ Z — ► PnC is an immersion (resp. 
embedding) for some fj G O s (P y , J 7 ). Then (/ , • • • , /at) = (50, • • • , 9n) ° M 
for some ^ G 1 (P 1 , J 7 ), so that [g , ■ ■ ■ , 5jv] = [/o, ■ ■ • , /at] : ^ — > P^C is 
an immersion (resp. embedding). Hence, the first claim is proved. And the 
last claim follows from the last claim of (ii) and Theorem 2.3. □ 

Proposition 2.6. For the adjoint variety Zg of a complex simple Lie 
algebra Q with the canonical c-structure jg, the contact line bundle L 7g is 
very ample, so that Zg is simply connected. 

Proof. By Example 1.4 (iii), Pg in Q is a symplectifications of degree 5 = 
1 on (Z, Jz',7g) as well as the standard symplectification P 7g . By Corollary 
1.7 (ii), there exists an isomorphism fi : Pg — * P 7g . Let Xq, ■ ■ ■ , Xn be a C- 
linear basis of Q, and ujq, - ■ ■ ,ujn the dual basis of Q* , so that (u>o, ■ ■ ■ , w/v) '■ 
Q — ► C ' N+i is a C-linear isomorphism. For i G {0, • • • , N}, put fi := u>i o 
M" 1 : P ls — ► C. By Example 1.4 (iii), R*Ji = /i*(P>;) = M*(A-w f ) = A-/< 
for A G C x . By Theorem 2.3 (or Lemma 0.1), there exists ip i G r(L 76 ) such 
that fi = iL y (<Pi), so that (t£ 7 (po), ■ • • , ll^Vn)) = (/o,---,/jv) : ^rs — > 
C at + i is an embedding. Hence, L 7g is very ample, especially it is positive. 
By Proposition 1.1 (ii), the first Chern class of (Z,Jz) is positive, so that 
Z is simply connected by a theorem of S. Kobayashi [H 11.26] □ 
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Proof of Proposition 0.2. (0) Assume that (Z, Jz\l) is a connected 
compact c-manifold with immersional contact line bundle L 7 . By Lemma 2.5 
(hi), (Z, Jz'il) is inhnitesimally homogeneous. Since L 7 is immersional, it is 
positive, so that the hrst Chern class of (Z, Jz) is positive by S. Kobayashi 
(Proposition 1.1 (h)). Then Z is simply connected by S. Kobayashi [31 
11.26]. By H.C. Wang (Proposition 2.4 (ii)), (Z, Jz\l) is homogeneous such 
that Z is one orbit of some connected complex semisimple Lie subgroup Gz 
of Aut(Z, Jz;t). By an argument of W.M. Boothby d (2.2), Theorem A], 
if P 7 is not one orbit of Gp, then P 7 admits a global holomorphic section, 
so that ci(L 7 ) = 0, which contradicts with L 7 is positive. Hence, P 7 is one 
orbit of Gp := {gp\ g £ Gz}, so that T^P 7 = X £ Gp} at each r] £ P 7 . 

(1) Let Qz be the complex Lie subalgebra of (a(Z, Jz'il), Jz) correspond- 
ing to Gz- Put Qp := {Xp\ X G Qz} = a 1 (Py ; ^ 7 )j which is isomorphic to 
Qz = dp^Qp) by dp 7 (Theorem 2.3). Let Q* p be the dual C-linear space 
of Qp with < lu,X >£ C as the value of oj £ Q* P on X £ Qp. Accord- 
ing to A. A. Kirillov [TOJ p .234, (11); p.301], B. Kostant .14, (5.4.2)] and 
J.-M. Souriau [201 (H-10)] with Lemma 2.1 (hi), a moment map of degree 
one is defined as follows: 

\ig P : P 7 — ^QUv^ vgiv); < vg P (ji)i x >■= °~<( x \v)' 

where fig p oR x = X^ p (A £ C x ) by 7 (X|j^) = 7 (P A *(X|„)) = A0 7 (X|„) 

(I £ 6p ^ a 1 (P 7 ,J 7 )). For 5 G G P , put 5g : G* P — ► £ P ;w i-» (5g)w 
such that < (5g)uj,X >:=< u, (dg~ l )X >, which defines the coadjoint 
action. Note that ^g P {gr]) = {5g)ng P { r n) {r/ £ P 7 , g £ Gp) by 9{X\ g71 ) = 
9{g~ l {X\ gri )) = 9{{{dg~ l )X)\ v ), so that the image /j,g p (P^) is one coadjoint 
orbit of Gp. Take a C-linear basis {Aj| % = 1, • • ■ ,r} of £/p with the dual 
basis {u>i| i = 1, ••■,r} of £/p. For i £ {1, •■■,r}, put /j := 7 pQ) G 
O 1 ^, J 7 ), so that n Qp {n) = E T i=ifi(v)^- By Theorem 2.3, X, = X h 
and dfi = -L Xt d6 T If Hg P *(X) = °> then = dfi{X) = dO y (Xi, X) for all 
i £ {1, • • • , r}. Note that d0^ is non-degenerate and that X^s span TP 7 by 
the step (0), so that X = 0. Hence, pig p is an immersion. For X £ Qp, 
put A b G Q* P such that < X b ,Y >= B(X,Y) for F G Q P w.r.t. the Killing 
form B of £?p, which is non-degenerate since Qp is semisimple in the step 
(0). Then b : Qp — > Qp',X ^ X b is a C-linear isomorphism such that 
(Sg) o b = b o (dg) (p g Gp), because of < (<5#)A b , F >=< X\ {dg~ x )Y >= 
B(X,(dg- r )Y) = B{(dg)X,Y) =< {{dg)X)\Y > for all Y £ Q P . Put 
k := b _1 ong p : P 7 — ► C?p. Then Kog = b _1 o^g p o (5g) = b" 1 o (5g)o/j J g p = 
(dg) o b _1 o fj,g p = (dg) o k for all g £ Gp. Hence, k is a holomorphic 
immersion onto one adjoint orbit of Qp by the inner automorphism group 
G := {dg\ g £ Gp} on the complex semisimple Lie algebra Qp. 



22 



Put kz '■ Z — ► CP(Qp);p 7 (j]) i — > Pg P (n(il))i which is well-defined as a 
holomorphic immersion onto one adjoint ray orbit nz(Z) of G on CP{Qp). 
Then the restriction to the image, kz\(Z, Jz) — ► K z(Z) is a covering map. 
Since Z is compact, the image Kz(Z) is a closed complex submanifold of 
CP(Gp), which is a projective algebraic variety by a theorem of W.L. Chow 
(cf. p.217, p.36]). 

(2) Qp is simple (cf. [4, (6.3)]): Let Qp = ©f =1 £/p,i be the direct-sum 
decomposition into simple ideals Qp^ with the correspoding Lie subgroups 
Gi of G, where gi G Gi acts as giQ2j X j) = 9i x i + Yyj^i X j for x j e Qpj- 
Then G = I^ =1 Gi. Take some rj G P y . Then k(t]) / since k is a C x - 
equivariant immersion. And there exist Ki(r]) G Qp^ (i = 1, •••,&) such 
that «;(r/) = Yli=i K i(v)- Take j such that Kj(rj) ^ 0. Suppose that there 
is another j' such that Kji(rj) ^ 0. Then rj := Yli^j' ^iv) 0- And 
77 Gk(t]) = K(Pry), since the £/pj'-component of rj is zero. On the other 
hand, for any A G C x , Ak(t/) = n(R\r)) G -Pg P = Gk(tj), so that there exists 
G 9 p(A) =: (51(A), ••• ,5fc(A)) such that Ak(t?) = g(\)n(r]), i.e. A** (77) = 
gi{X)Ki{rj) (i = 1, • • • , fc). With respect to the Euclidian metric topology of 
£p, ^p\0 9 j? = Y.ijLj' Kiiv) + limA^o Akj/(?7) = lim.A-*o fl'j'C^M 7 /)) where 
gj'(\)n(r]) G GjiK(rj) Q Gn(r]) = k(P 7 ). With the canonical projection 
f»g P : £p\0 — > CP{Gp), C '-PGeifj) = lim x ^oPg P (gj'(\)K(r])) is contained 
in the closure oinz{Z) in CP(Gp), so that £ £ t$z(Z) since Kz(Z) is closed in 
CP(Qp). Hence, pg P (fj) G pg p (K(P 7 )), so that 77 G k(P 7 ), which contradicts 
with the first observation. Then k(t/) = /%(f?) and k(P 7 ) = Gk(t]) = Gnj(r}), 
so that Gj (i 7^ j) acts trivially on k(P^). Hence, £?p = £/pj, which is a 
complex simple Lie algebra. 

(3) (Z, Jz) is biholomorphic to Zg p (cf. [U Theorem B]): Take a Cartan 
subalgebra 7i of £/p and the set A + of all positive roots with respect to 
some lexicographic ordering on ~H*j^- Then B := TC®((&a£A + Ce a ) is a Borel 

subalgebra of Qp such that B := {a G Aut(C/p)| a£> = £>} is an algebraic 
subgroup of a complex algebraic group Aut(£7p) with the Lie algebra B, 
so that the identity connected component B° of B in the real topology is 
solvable. Note that B° equals the identity irreducible component of B in 
the Zariski topology [T71 Chapter 3, §3, 1°]. By a theorem of A. Borel 
|17l p. 117, Theorem 9], B° admits a fixed point on the projective algebraic 
variety kz(Z), so that there exists £ G K z(Z) such that B°( = £. Take 
77 G P 7 such that £ = Pg P ( K ( r ]))j where k(j]) = h + X^oeA c « e a f° r some 
/i G Tt, c a G C. Then [23, k(t?)] f= Ck(t]), so that /i = and c a = for any 
a G A\{p} with the highest root p. Hence, k(t]) = c p e p with c p / because 
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of P 1 + 0. Put if := R c -ii) G Pj. Then e p = c~ 1 k{i]) = n(rf) G k(P 7 ), 

so that k(Pj) = Ge p = Pg p and kz(Z) = Zg p , where the notations Pg p 
and Zg p are given in Example 1.4 (hi). Since Zg p is simply connected 
(Propostion 2.6), the covering map Kz\(Z, Jz) — ► Zg p is biholomorphic. 

(4) For X G g P , put X R \ dg := || <=0 (d^)oe* ad ^ G T dg G with ff G G P . 
Then e^X^,) =< fig p (rf),X >= B{\>-\ Kp {if)),X) = B( K (rf),X) = 
B[e p ,X) = 9 G (X R ) at the point rf in the step (3). By Example 1.4 (ih-0), 
%(V«) = 9g p (7rp^X R ) = 9g p {f t \ t=Q e t ad(X) ep) = ^(^(x^,)). Hence, 
6* 7 (X|^/) = 6g p (K*(X\ rj ,)). Because of {X\ v >\ X G Qp] = T^/i^, 7 |,,/ = 
{K*0g P )\jf. For any 51 G G P , 9^ = 6%/ o = {^*9g p )\ v > o = 

6Qp\k(t 1 ') ° ° 97grf = ^pU(r)') (dg)~l {giil) o K* gr) , = 00 p | K ( ffr ,/) O K^/ = 

K*9g p \ gri /, so that K*(ker 7 ) = ker 6>g p . Then nz*E 7 = kz* (p-y* (ker 7 )) = 
Pg P *(K*(ker 6> 7 )) =p 5p;)i (ker % p ) = £ 7ep , i.e. k z \(Z,J;j) — ► (Z gp ;7g p ) is 
isomorphic, so that L 7 and £ 7g . p are isomorphic. Since L 1Qp is very ample 
(Proposition 2.6), so is L y . □ 
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